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Devwudfw

Wklv sdshu suhvhqwv d g|qdplf prgho wr dqdo|}h wkh vwuxfwxuh ri orqj whup sr0

olwlfdo frqwudfwv ehwzhhq d plqrulw| sduw| dqg pdmrulw| sduw| dqg lqyhvwljdwhv wkh

frpplwphqw ydoxh ri vxfk frqwudfwv1 Lq wkh prgho/ sduwlhv duh dvvxphg wr eh ulvn

dyhuvh dqg wr eh zloolqj wr frqvwuxfw d �ohjlwlpdwh� dqg ylrohqfh0iuhh srolwlfdo v|vwhp1

Lq rughu eh �lqvxuhg� djdlqvw srolwlfdo ylrohqfh/ wkh pdmrulw| sduw| lv zloolqj wr wudgh

d sduwldo frqwuro ryhu wkh jryhuqphqw zlwk wkh plqrulw| sduw| iru ohjlwlpdf| dqg flylo

rughu1 L vkrz wkdw zkhq wkh frqwudfwxdo duudqjhphqw lv ohjdoo| hqirufhdeoh/ sduwlhv

duh ixoo| lqvxuhg dqg wkh sulqflsohv jryhuqlqj doorfdwlrq ri srzhu dfurvv sduwlhv duh

frqvlvwhqw iurp rqh shulrg wr dqrwkhu1 Zkhq wkhuh lv vxvslflrq derxw wkh pdmrulw|*v

zloolqjqhvv wr uhvshfw wkh whupv ri wkh frqwudfw/ wklv sduw| kdv wr jlyh wkh plqrulw| wkh

pd{lpxp srvvleoh vkduh ri srzhu dqg pdnh lw h�hfwlyh ehiruh wkh hohfwlrqv1 Zkhq

qhlwkhu sduw| fdq eh wuxvwhg/ wkh rswlpdo ulvn vkdulqj frqwudfw fdq eh hqirufhg rqo|

li sduwlhv ydoxh wkh ixwxuh yhu| kljko|1 Rwkhuzlvh/ �srolwlfdo lqvxudqfh� zloo rqo| eh

sduwldo dqg wkh plqrulw| dffhvv wr jryhuqphqw zloo fkdqjh ryhu wlph ghshqglqj rq lwv

sdvw dqg fxuuhqw hohfwrudo vxssruw1
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LQWURGXFWLRQ

Surwhfwlrq ri hwkqlf dqg srolwlfdo plqrulwlhv lv rqh ri wkh prvw frqwhqwlrxv lvvxhv lq

frqvwlwxwlrq ghvljq gxulqj ghprfudwlf wudqvlwlrqv1 Qhjrwldwlrqv iru qhz frqvwlwxwlrqv

lq hwkqlfdoo| glylghg frxqwulhv duh sodjxhg e| vhulrxv frpplwphqw sureohpv1 Wr vhh

krz vxfk sureohpv pd| dulvh/ frqvlghu iru h{dpsoh suh0hohfwrudo qhjrwldwlrqv ehwzhhq

d sduw| uhsuhvhqwlqj dq hwkqlf plqrulw| dqg d sduw| uhsuhvhqwlqj dq hwkqlf pdmrulw|1

Wkh plqrulw| pljkw ihdu wkhuh lv qr jxdudqwhh wkdw wkh pdmrulw| ohdghuv zloo uhvshfw

wkh djuhhphqw diwhu wkh hohfwlrqv1 Wkh pdmrulw| sduw| pd| eh yhu| frrshudwlyh ehiruh

wkh yrwh dqg wkhq ehfrph uhsuhvvlyh dqg qrq0frqfloldwru| dv vrrq dv lw wdnhv frqwuro

ri wkh frhuflyh lqvwuxphqwv ri wkh vwdwh1

Wkhuh lv dq lpsruwdqw olwhudwxuh lq srolwlfdo hfrqrp| ri lqvwlwxwlrqv dgguhvvlqj wkh

lvvxh ri srolwlfdo frpplwphqw1 Zhlqjdvw +4<<7, h{sodlqv krz wklv txhvwlrq sod|hg d

uroh lq wkh rxweuhdn ri wkh Dphulfdq Flylo Zdu1 Zhlqjdvw lqyhvwljdwhv zk| Vrxwkhuq0

huv suhylrxvo| zloolqj wr dffhsw srolwlfdo rxwfrphv xqghu wkh Frqvwlwxwlrq fkdqjhg

wkhlu plqgv dqg lq zkdw zd| Uhsxeolfdqv/ eholhyhg wr eh udwkhu prghudwh rq wkh

txhvwlrq ri wkh derolwlrq ri vodyhu|/ zhuh d wkuhdw wr wkh Vrxwk1 Kh fodlpv wkdw wkh

vwdelolw| ri Dqwhehooxp srolwlfv zdv wkh uhvxow ri dq h{solflw vhw ri srolwlfdo h{fkdqjhv

e| zklfk d vx!flhqw qxpehu ri Qruwkhuqhuv mrlqhg Vrxwkhuqhuv wr surylgh vwurqj

surwhfwlrq iru vodyhu| lq h{fkdqjh iru Vrxwkhuqhuv* frrshudwlrq rq rwkhu srolf| gl0

phqvlrqv1 Wkh lqvwlwxwlrq zklfk hqvxuhg Qruwkhuqhuv* frpplwphqw wr uhvshfw wkh

whupv ri wkh h{fkdqjh zdv wkh edodqfh uxoh d�ruglqj hdfk uhjlrq htxdo uhsuhvhqwdwlrq

lq wkh Vhqdwh dqg khqfh judqwlqj hdfk d yhwr srzhu ryhu qdwlrqdo srolf| pdnlqj1

Zlwk wkh euhdn ri wkh edodqfh uxoh dv zhoo dv wkh ulvh ri wkh Uhsxeolfdq Sduw| zklfk

ehfdph h{solflwo| krvwloh wr vodyhu|/ Qruwkhuqhuv* frpplwphqw fhdvhg wr eh fuhgleoh1

Wklv/ Zhlqjdvw dujxhg/ ohg wr Vrxwkhuq vhfhvvlrq dqg wr wkh Flylo Zdu1

Rughvkrrn +4<<4, dqdo|}hv frpplwphqw ydoxhv ri frqvwlwxwlrqdo duudqjhphqwv1 Klv

sdshu frpsduhv wzr frpshwlqj ylhzv ri frqvwlwxwlrqv1 Wkh �uvw/ r�huhg e| Wxoorfn/

suhvhqwv frqvwlwxwlrq dv d orqj whup vrfldo frqwudfw dqg wkh vhfrqg r�huhg e| Kduglq
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frqvlghuv lw dv d frruglqdwlqj ghylfh1 Kh fodlpv wkdw wkh Kduglq lghd doorzv iru d

pruh vdwlvi|lqj ylhz ri wkh zd| wkdw frqvwlwxwlrqv ehfrph vhoi0hqiruflqj1 Li frqvwlwx0

wlrq zhuh d frqwudfw wkdw elqgv jhqhudwlrqv dfurvv shulrgv/ wkhq wkhuh vkrxog eh dq

h{rjhqrxv irufh/ d �wklug sduw|� wr jxdudqwhh wkh hqirufhphqw1 Lq wkh devhqfh ri vxfk

qhxwudo irufh/ djhqwv pljkw glvfxvv wkh pdwwhu ehiruh kdqg dqg djuhh rq d sduwlfxodu

sdwwhuq ri sod|1 Li hdfk eholhyhv wkdw wkh rwkhu zloo delgh e| wkh lpsolflw djuhhphqw/

erwk zloo kdyh dq lqfhqwlyh wr dfw dffruglqjo|1 Zulwlqj d frqvwlwxwlrq lv wkhq �dq

dfw ri frruglqdwlrq zklfk lv pdlqwdlqhg wkurxjk lwv vhoi0jhqhudwlqj lqfhqwlyhv dqg

h{shfwdwlrqv1� Rughvkrrn udlvhv dqg h{soruhv wkh lvvxh ri frqvwlwxwlrqdo vwdelolw| exw

idlov wr frqvwuxfw d frkhuhqw prgho wkdw dqdo|}hv wkh vwuxfwxuh ri d vhoi0hqiruflqj frq0

vwlwxwlrq1 Wklv sdshu surylghv vxfk d prgho e| �uvw gh�qlqj wkh srolwlfdo h{fkdqjh

wdnlqj sodfh dqg wkhq h{sodlqlqj wkh uhvwulfwlrqv wr eh sodfhg rq wkh frqvwlwxwlrqdo

duudqjhphqwv vr wkdw wkh| zloo eh xskhog lq wkh ixwxuh1

Wkh vwdqgdug vroxwlrq wr frpplwphqw sureohpv lq hwkqlfdoo| glylghg frxqwulhv lv

h{whqvlyh srzhu vkdulqj ru frqvrfldwlrqdo ghprfudf|1 Olmskduw +4<9<, gh�qhg frqvr0

fldwlrqdo ghprfudf| dv �d jryhuqphqw e| holwh fduwho ghvljqhg wr wxuq ghprfudf|

zlwk iudjphqwhg fxowxuh lqwr d vwdeoh ghprfudf|� +s1 549,1 Wklv prgho ri ghprf0

udf| kdv ehhq xvhg e| lwv sursrqhqwv dv dq h{sodqdwlrq ri srolwlfdo vwdelolw| lq wkh

Qhwkhuodqg/ Ehojlxp dqg Vzlw}huodqg/ dqg kdv vhuyhg dv d qrupdwlyh prgho iru frq0

vwlwxwlrqdo hqjlqhhulqj lq hwkqlfdoo| glylghg frxqwulhv1 Krzhyhu/ wkh frqvrfldwlrqdo

sdudgljp kdv ehhq fulwlfl}hg iru lwv zhdn hpslulfdo vxssruw lq Hxursh +Eduu|/ 4<:8

dqg ydq Vfkhghohq/ 4<;7,1 Qrugolqjhu +4<:5, dqg Krurzlw} +4<;8, kdyh dovr irxqg wkh

prgho lqdssursuldwh iru �ghhso| glylghg� vrflhwlhv lq Diulfd/ Dvld dqg wkh Plggoh0

Hdvw1 Wkh txhvwlrq wkhq ehfrphv= zkhq grhv frqvrfldwlrqdo ghprfudf| zrunB Zk|

glg wklv prgho ri ghprfudf| vxffhhg lq Qhwkhuodqg exw idlo lq OhedqrqB

Wr dgguhvv wkhvh lvvxhv/ L xvh lqvljkwv iurp wkh wkhru| vhoi0hqiruflqj ulvn vkdulqj

frqwudfwv +Wkrpdv dqg Zrudoo ^4<;;/ 4<<7` dqg Jdxwklhu hw do ^4<<7/ 4<<:`1 Lq wkh

prgho/ sduwlhv duh dvvxphg wr ghulyh xwlolw| iurp kroglqj r!fh/ wr eh ulvn dyhuvh

dqg wr ydoxh srolwlfdo vwdelolw|1 Lq rughu wr dfklhyh wklv vwdelolw|/ d pdmrulw| sduw|
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lv zloolqj wr wudgh lwv frqwuro ryhu wkh vwdwh lqvwlwxwlrqv dqg wkh jryhuqphqw wr d

plqrulw| sduw| iru pruh ohjlwlpdf| dqg flylo rughu1 Lq rwkhu zrugv/ wkh pdmrulw|

h{fkdqjhv vrph vsrlov ri r!fh iru lqvxudqfh iurp wkh plqrulw| djdlqvw flylo glvrughu1

L fkdudfwhul}h wkh h!flhqw srzhu0vkdulqj frqwudfw1 Zkhq wkh pdmrulw| lv qrw deoh

wr frpplw wr uhvshfw wkh whupv ri wkh frqwudfw/ wklv sduw| kdv wr jlyh wkh plqrulw|

wkh pd{lpxp srvvleoh vkduh ri srzhu dqg pdnh lw h�hfwlyh ehiruh wkh hohfwlrqv1 Lq

wkh fdvh zkhuh qhlwkhu sduw| fdq eh wuxvwhg/ wkh rswlpdo ulvn vkdulqj frqwudfw fdq

eh hqirufhg rqo| li sduwlhv ydoxh wkh ixwxuh yhu| kljko|1 Rwkhuzlvh/ wkhuh lv d ulvn ri

srolwlfdo lqvwdelolw|1 Lq dgglwlrq/ wkh plqrulw| dffhvv wr jryhuqphqw zloo fkdqjh ryhu

wlph ghshqglqj rq lwv sdvw dqg fxuuhqw hohfwrudo vxssruw1

Iulhgulfk +4<:7, xvhg wkh whup ohjlwlpdf| wr ghqrwh �zkhwkhu d jlyhq uxohvkls lv

eholhyhg wr eh edvhg rq d jrrg wlwoh e| prvw ri wkrvh vxemhfw wr lw1� Vr ohjlwlpdf|

uhtxluhv d odujh srsxodu vxssruw1 Lq rughu wr jhw wkh h{wud vxssruw qhhghg iru lwv

uljkw wr jryhuq/ wkh pdmrulw| sduw| pd| kdyh wr jlyh xs sduw ri lwv frqwuro ryhu wkh

jryhuqphqw1 Vlqfh sduwlhv duh h{shfwhg wr lqwhudfw iru d orqj shulrg ri wlph/ wklv

h{fkdqjh wdnhv wkh irup ri d orqj whup frqwudfw1 Li wkh frqwudfwxdo duudqjhphqw

lv ohjdoo| hqirufhdeoh/ sduwlhv duh ixoo| �lqvxuhg� dqg wkhuh lv qr ulvn ri srolwlfdo

ylrohqfh1 Zkhq wkhuh lv vxvslflrq derxw wkh pdmrulw|*v zloolqjqhvv wr uhvshfw wkh

whupv ri wkh frqwudfw/ wklv sduw| kdv wr pdnh yhu| odujh srolwlfdo frqfhvvlrqv dqg

pdnh wkhvh frqfhvvlrqv h�hfwlyh ehiruh wkh hohfwlrqv1 Rwkhuzlvh wkh plqrulw| frxog

hqjdjh lq frvwo| srolwlfdo dfwlrqv dqg fuhdwh flylo glvrughu1 Zkhq qhlwkhu sduw| fdq

eh wuxvwhg/ wkh rswlpdo ulvn vkdulqj frqwudfw fdq eh hqirufhg rqo| li sduwlhv ydoxh wkh

ixwxuh yhu| kljko|1 Rwkhuzlvh/ srolwlfdo vwdelolw| zloo rqo| eh sduwldo dqg wkh plqrulw|

vkduh ri srzhu zloo ydu| ghshqglqj rq lwv sdvw dqg fxuuhqw hohfwrudo vxssruw1

Wkh sdshu lv vwuxfwxuhg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh edvlf prgho1 Vhfwlrq

6 suhvhqwv rswlpdo srzhu doorfdwlrq xqghu ixoo hqirufhdelolw| dqg vhfwlrq 7 glvfxvvhv

wkh vwuxfwxuh ri frqvwlwxwlrqv zkhq rqo| sduw| fdq frpplw wr uhvshfw wkh frqwudfw

dqg vhfwlrq 8 glvfxvvhv wkh fdvh zkhuh qhlwkhu sduw| fdq frpplw1 Vhfwlrq 9 suhvhqw

dssolfdwlrqv wr wkh wkhru| ri frqvrfldwlrqdo ghprfudf| dqg vhfwlrq : frqfoxghv1
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WKH PRGHO

L ehjlq e| suhvhqwlqj d vlpsoh g|qdplf prgho wkdw hqdeohv ph wr lqyhvwljdwh krz

sduwlhv vroyh frpplwphqw sureohpv1 Wkh srolwlfdo hqylurqphqw wkdw L frqvlghu lv

d soxudolvwlf vrflhw| zlwk fohdydjhv ehwzhhq +hwkqlf, jurxsv1 Wkhuh duh wzr dfwlyh

sod|huv lq wklv hqylurqphqw= dq +hwkqlf, plqrulw| sduw| p dqg dq +hwkqlf, pdmrulw|

sduw| P= Hdfk djhqw lv udwlrqdo dqg ghulyhv xwlolw| iurp kroglqj r!fh1 L ghqrwh

e| s&c| wkh ohyho ri srzhu ri sduw| n dw wlph w/ zkhuh n lv hlwkhu P ru p= L dvvxph

wkdw srolwlfdo srzhu fdq eh ghulyhg iurp rqh*v delolw| wr fuhdwh flylo glvrughu ru iurp

frqwuroolqj wkh jryhuqphqw dqg wkdw wkhvh wzr irupv ri srolwlfdo srzhu duh htxlydohqw1

Hohfwlrqv ohdgv wr doorfdwlrq srzhu lq d yhu| sduwlfxodu zd|1 Lw r!fldoo| hqwlwohv wkh

zlqqlqj sduw| ri J xqlwv ri vsrlov ri r!fh jryhuqphqw dqg surylghv wkh orvlqj sduw|

+wkh plqrulw|, zlwk d vljqdo ri lwv ohyho ri srsxodu vxssruw1 Lw surylghv wkh plqrulw|

zlwk d uhdglqj ri lwv fkdqfhv ri zlqqlqj dq rshq frq lfw1 Wklv srsxodu vxssruw

uhsuhvhqwv U +v|, suredelolw| ri zlqqlqj/ zkhuh v| lv wkh plqrulw|*v yrwh vkduh dw wlph

w= Wkh ixqfwlrq U lv gh�qhg iurp ^3> v` wr ^3> u` > zkhuh v 5

�
3>

4

5

�
lv wkh pd{lpxp

yrwh vkduh wkdw wkh plqrulw| sduw| frxog jhw lq dq| hohfwlrq wr eh khog wrgd| ru lq

wkh ixwxuh4 dqg u vrph uhdo qxpehu zklfk lv wkh xsshu erxqg wr U+v,= Lq dgglwlrq/

L dvvxph wkdw 3 ? J ? 4= Wkxv/ zkhuhdv P ghulyhv lwv srzhu iurp wkh hohfwrudo

surfhvv/ p ghulyhv lwv srzhu iurp lwv delolw| wr fuhdwh flylo glvrughu

Wkh plqrulw| zdqwv wr kdyh vrph frqwuro ryhu wkh jryhuqphqw lq rughu wr sxvk iru

lwv srolwlfdo djhqgd dqg iru wklv sxusrvh lw lv zloolqj wr jlyh vrph lqvxudqfh djdlqvw

flylo glvrughu1 Wkh pdmrulw| uhtxluhv flylo rughu wr hqmr| wkh vsrlov ri r!fh/ dqg wr

suhyhqw flylo glvrughu iurp rffxuulqj wklv sduw| lv zloolqj wr frqfhgh j| xqlwv ri frqwuro

ryhu wkh jryhuqphqw1

Ixuwkhupruh/ dvvxph wkdw ehiruh wkh hohfwlrqv/ wkh pdmrulw| kdv wkh rswlrq wr jlyh

xs vrph xqlwv ri jryhuqphqw frqwuro dqg wkh plqrulw| fdq dovr jlyh xs lwv �jxqv�51

4Wkxv/ hohfwrudo xqfhuwdlqw| lv qrw derxw zklfk sduw| zloo zlq wkh hohfwlrq/ exw derxw krz pxfk

hohfwrudo vxssruw wkh plqrulw| lv jrlqj wr jhw1
5Lq rwkhu zrugv/ wkh prgho doorzv iru wudqvihu ri srzhu wr eh pdgh ehiruh hohfwrudo xqfhuwdlqw| lv
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Li P lv wkh rqo| sduw| wr pdnh d suh0hohfwrudo wudqvihu/ wkhq j| lv lqghshqghqw ri wkh

hohfwrudo rxwfrph zkloh u +,/ wudqvihuuhg e| p diwhu wkh hohfwlrq/ ghshqgv rq v| dqg

ehfrphv u| +v|, =

Pruhryhu/ L dvvxph wkdw �plolwdu| irufh� dqg jryhuqphqw frqwuro duh shuihfw vxevwl0

wxwhv vr wkdw L fdq frqvlghu j| dv wkh h{ dqwh qhw wudqvihu ri srzhu iurp wkh pdmrulw|

wr wkh plqrulw| dqg u| +v|, dv wkh qhw srvw0hohfwrudo wudqvihu ri �srzhu� iurp wkh pl0

qrulw| wr wkh pdmrulw|1 Dv d uhvxow/ d srvlwlyh j| phdqv wkdwP wudqvihuv pruh srzhu

wr p wkdq lw uhfhlyhv iurp wklv sduw| dqg d qhjdwlyh j| phdqv wkdw P uhfhlyhv pruh

srzhu iurp p wkdq lw wudqvihuv wr wklv sduw|1 Olnhzlvh/ d srvlwlyh u| +v|, phdqv wkdw

p wudqvihuv pruh srzhu wr P wkdq lw uhfhlyhv iurp P dqg d qhjdwlyh u| +v, phdqv

wkdw p uhfhlyhv pruh srzhu iurp P wkdq lw wudqvihuv wr wklv sduw|1

Pruh irupdoo|/ ghqrwh e| j
n

|
dqg j

3

|
+v|, suh0hohfwrudo dqg srvw0hohfwrudo frqfhvvlrqv

iurp P wr p= Ghqrwh e| u3
|
dqg u

n

|
+v|, suh0hohfwrudo dqg srvw0hohfwrudo frqfhvvlrqv

iurp p wr P= Wkh h{ dqwh qhw wudgh lv wkhq jlyhq e| j| @ j
n

|
� j

3

|
dqg wkh h{

srvw qhw wudgh lv jlyhq e| u| +v|, @ u
n

|
+v|,� u

3

|
+v|, = Dvvxph wkdw j

n

|
dqg j

3

|
/ duh doo

srvlwlyh uhdo qxpehuv dqg vxssrvh zlwkrxw orvv ri jhqhudolw| wkdw dw ohdvw rqh ri wkhp

lv htxdo wr }hur dqg ohw ph pdnh wkh vdph dvvxpswlrq zlwk uhvshfw wr u
n

|
+v|, > dqg

u
3

|
+v|, = Wkxv j| lv hlwkhu htxdo wr j

n

|
ru wr j

3

|
zkloh u| +v|,lv hlwkhu htxdo wr u

n

|
+v|,

ru wr u
3

|
+v|, = Wkhuhiruh L fdq fdoo j|> d suh0hohfwrudo frqfhvvlrq zklfk fdq eh hlwkhu

jryhuqphqw frqwuro ru plolwdu| irufh dqg u| +v|,/ d srvw0hohfwrudo wudqvihu zklfk fdq

eh �suredelolw| ri flylo xquhvw� ru jryhuqphqw frqwuro1

E| jlylqj xs lwv jxqv dqg uhqrxqflqj lwv delolw| wr fuhdwh flylo glvrughu/ wkh plqrulw|

lv dfwxdoo| surylglqj srolwlfdo ohjlwlpdf| wr wkh pdmrulw| dqg wklv surylvlrq hqkdqfhv

wkh srzhu ri wkh odwwhu1 Wkxv/

Dw dq| sduwlfxodu shulrg w> diwhu P �sd|v� d j| dqg �jhwv edfn� vwdwh frqwlqjhqw

u| +v,/ lwv ohyho ri srzhu lv

J� j| . u| +v|,

uhvroyhg1

:



zkhuh j| A 3 dqg u| +v|, A 31

Olnhzlvh wkh uhvlgxdo srzhu ri wkh plqrulw| sduw| p lv jlyhq e|

U+v|, . j| � u| +v|,

Wlph vhtxhqfh

Wkhuh lv dq lq�qlwh vhtxhqfh ri shulrgv/ w @ 4> 5> 6===4= Hdfk shulrg lv glylghg lqwr

wkuhh gdwhv/ wf> w� dqg w2= Lq hdfk w> wkhuh lv wkh iroorzlqj wlph vhtxhqfh ri hyhqwv= dw

wf Sduw| P pdnhv d wudqvihu ri ydoxh j| wr sduw| p= Dw w�>wkhuh lv dq hohfwlrq dqg wkh

vwdwh v lv uhdol}hg = Dw w2> p pdnhv d wudqvihu ri ydoxh u| +v|, edfn wr P= L gh�qh wkh

frqwudfwxdo duudqjhphqw +j> u, e| �> zkhuh j @ +jf> j�c===j|===, dqg u @ +uf> u�> ===u|> ===,

Dw hdfk shulrg w> wkh duudqjhphqw � fdq ghshqg xsrq wkh frpsohwh sdvw klvwru|

ri wkh uhodwlrqvkls ehwzhhq p dqg P= Wkh klvwru| xs wr w lv gh�qhg dv wkh yhfwru

ri doo suhylrxv hohfwrudo rxwfrphv1 Irupdoo|/ k| @ +v�> v2> ===v|, > zkhuh v| lv wkh yrwh

vkduh ri sduw| p dw shulrg w= L dvvxph kf @ > dqg ghqrwh e| C|/ wkh vhw ri doo srvvleoh

klvwrulhv xs wr shulrg w=

Ohw ph qrz gh�qh irupdoo| wkh frqwudfwxdo duudqjhphqw �=

Gh�qlwlrq 4= D srolwlfdo ulvn0vkdulqj frqwudfw � lv d vhtxhqfh ri ixqfwlrqv ij|> u|j >

zkhuh w @ 4===4/ dqg v| 5 ^3> v` > vxfk wkdw

j| = C|3� �$ ? dqg u| = C| �$ ?

Wkh yduldeoh j| uhsuhvhqwv d srolwlfdo frqfhvvlrq pdgh e| P= Wkh yduldeoh u|

uhsuhvhqwv wkh wudqvihu pdgh e| p dw w diwhu revhuylqj v1

L gh�qh d srolwlfdo uhjlph dv wkh vhw ip>P>�j1

Ghqrwh e| x +=, dqg y +=, wzr vwulfwo| lqfuhdvlqj dqg frqfdyh ixqfwlrqv uhsuhvhqwlqj

wkh xwlolw| ghulyhg iurp srzhu e| uhvshfwlyho| wkh plqrulw| dqg wkh pdmrulw|1 Erwk

ixqfwlrqv duh dvvxphg wr eh gh�qhg iurp d forvhg vhw wr ?=

Dw dq| shulrg w> wkh shu0shulrg sd|r� ri sduw| p lv jlyhq e|=

;



x +U +v|, . j| � u| +v|,,

Olnhzlvh wkh h{shfwhg xwlolw| ri sduw| P lv jlyhq e|=

y +J� j| . u| +v|,, =

Ghqrwh e| x +v|, dqg y +v|, wkh ohyhov ri srzhu wkdw wkh plqrulw| dqg wkh pdmrulw|

fdq ghulyh iurp dqdufk|= Ixuwkhupruh/ dvvxph wkdw erwk sduwlhv glvfrxqw wkh ixwxuh

e| d frpprq idfwru � 5 +3> 4, =

Iru dq| klvwru| k|3�c
sduw| p*v h{shfwhg vxusoxv iurp shulrg w rqzdugv lv jlyhq

e|=

X +�> k|3�, @ H
"[

�'|

��3| ix +U +v|, . j| � u| +v|,,� x +v|,j

Olnhzlvh/ sduw| P *v h{shfwhg vxusoxv iurp shulrg w rqzdugv lv jlyhq e|=

Y +�>k|3�, @ H
"[

�'|

��3| iy +J� j| . u| +v|,,� y +v|,j =

Diwhu L gh�qh wkh whupv ri wkh srolwlfdo h{fkdqjh dqg wkh frqwudfwxdo duudqjhphqw/ L

qrz qhhg wr irupdoo| gh�qh ohjlwlpdf| dqg frqvrfldwlrqdo frqwudfwxdo duudqjhphqwv1

D srolwlfdo uhjlph lv ohjlwlpdwh li d sduw| zklfk kdv wkh srzhu wr fuhdwh flylo glvrughu

+lq rxu fdvh/ wkh plqrulw|, ghflghv wr frrshudwh lqvwhdg1

Gh�qlwlrq 5= D srolwlfdo uhjlph lv ohjlwlpdwh li dw hyhu| srlqw lq wlph dqg uhjdugohvv

wkh hohfwrudo rxwfrph/ wkh plqrulw| dffhswv wr orzhu wkh ulvn ri ylrohqfh1 D

uhjlph lv loohjlwlpdwh rwkhuzlvh1 D srolwlfdo uhjlph lv rssuhvvlyh li wkh pdmrulw|

qhyhu frqfhghv jryhuqphqw frqwuro wr wkh plqrulw|1 D uhjlph lv ri �srzhu0

vkdulqj w|sh� li wkh pdmrulw| dozd|v frqfhghv vrph jryhuqphqw frqwuro wr wkh

plqrulw|1

Ohw ph ghqrwh e| j wkh ohyho ri suh0hohfwrudo frqfhvvlrq zkhq wkh plqrulw| jhwv

lwv pd{lpxp srvvleoh yrwh vkduh v= Srzhu0vkdulqj lv �h{whqvlyh� li wkhuh h{lvwv j
W

<



vxfk wkdw j
W � j iru doo w rq wkh htxloleulxp sdwk/ diwhu qrq ghyldwlrq klvwrulhv1 Lw

iroorzv iurp gh�qlwlrq 5 wkdw dq rssuhvvlyh uhjlph lv loohjlwlpdwh dqg srzhu0vkdulqj

surylghv ohjlwlpdf|1 Dovr qrwh wkdw li wkh uhjlph lv rssuhvvlyh/ wkh plqrulw| pd|

lqlwldwh dqdufk| dqg wklv zloo ohdg wr wkh srzhu glvwulexwlrq +x +v|, > y +v|,,1 Vr orqj

dv y +v|, ? y +J, > wkhuh lv dq lpsolflw frvw iru wkh pdmrulw| iurp euhdnlqj xs wkh

uhodwlrqvkls1 Wkh h{suhvvlrq y +J,� y +v|, phdvxuhv wkh ohyho ri yxoqhudelolw| ri wkh

pdmrulw| dqg fdq eh frqvlghuhg dv h{whuqdo fkhfn rq wkh wklv sduw|/ dv d vdihjxdug

djdlqvw rssuhvvlrq ri wkh plqrulw|61

Srzhu wkdw fdq eh ghulyhg iurp dqdufk| lv dvvxphg wr eh pruh yrodwloh wkdq srzhu

wkdw fdq eh ghulyhg iurp ghprfudwlf surfhvv71 Lq dq dqdufklf srolwlfdo v|vwhp/ d sduw|

fdq eh zlshg rxw ru lw fdq jdlq d frpsohwh frqwuro ri wkh srolwlfdo v|vwhp1 Xqghu

wkhvh flufxpvwdqfhv/ ulvn0dyhuvh sduwlhv zloo wkhuhiruh eh lqfolqhg wr ghvljq d ulvn

vkdulqj phfkdqlvp dqg wr ghulyh wkhlu srzhu iurp wkh ghprfudwlf surfhvv1 Krzhyhu

zkloh �dqdufklf� srzhu lv wulyldoo| hqirufhdeoh/ wkh �ghprfudwlf� srzhu pd| qrw eh

hqirufhdeoh1 Iru lqvwdqfh/ li dw vrph srlqw lq wlph/ wkh srzhu wkdw d sduw| fdq ghulyh

iurp dqdufk| lv uhodwlyho| kljk lw pljkw kdyh dq lqfhqwlyh wr ylrodwh wkh frqwudfwxdo

duudqjhphqw81 Wkh remhfwlyh ri wklv sdshu lv wr lqyhvwljdwh krz/ lq wkh hphujlqj

ghprfudflhv/ sduwlhv uhvroyh wkh frq lfw ehwzhhq ulvn vkdulqj dqg vhoi0hqirufhphqw1 L

dlp wr h{dplqh zkdw w|shv ri dfwlrqv sduwlhv ghvljq h{ dqwh wr vxuprxqw frpplwphqw

sureohpv ru zkdw uhvwulfwlrqv duh wr eh sodfhg rq wkh frqvwlwxwlrqdo duudqjhphqwv vr

wkdw wkh| zloo eh xskhog lq wkh ixwxuh1 L zloo dvvxph wkdw iru doo w/ v| lv lghqwlfdoo|

6H{sodlqlqj wkh irxqgdwlrqv ri d Pdglvlrqldq ghprfudf|/ Gdko +4<89, zurwh �Li qrw uhvwudlqhg

iurp h{whuqdo fkhfnv/ dq| jurxs ri lqglylgxdov zloo w|udqql}h ryhu wkh rwkhuv111Wkh h{whuqdo fkhfn

frqvlvwv ri dssolfdwlrqv ri uhzdug dqg shqdowlhv dqg wkh h{shfwdwlrq wkdw wklv uhzdug zloo eh dssolhg

e| vrph vrxufh rwkhu wkdq wkh jlyhq lqglylgxdov1� +s1 9,
7Wkdw lv wr vd|/ iru doo r dqg iru doo |c � Er� dqg � Er� wdnh pruh h{wuhph ydoxhv wkdq

� E- Er|� n }| 3 o| Er|��dqg � EC3 }| n o| Er|��uhvshfwlyho|1
8Lq rwkhu zrugv/ li dw vrph srlqw lq wlph dqg lq vrph vwdwh ri wkh zruog � E- Er|� n }| 3 o| Er|�� :

� Er|� wkhq wkh plqrulw| zloo kdyh d vkruw0whup lqfhqwlyh wr ylrodwh wkh frqwudfw/ xqohvv wkh orqj0

whup ehqh�w iurp frpsoldqfh lv kljk1 Olnhzlvh/ wkh pdmrulw| zloo kdyh dq lqfhqwlyh wr ylrodwh wkh

djuhhphqw li � EC3 }| n-| Er|�� : � Er|�
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dqg xqlirupo| glvwulexwhg vr wkdw frxog uhsodfh v| e| v1

SROLWLFDO ULVN0VKDULQJ ZLWK IXOO HQIRUFHDELOLW\

Ohw ph dqdo|}h wkh ehqfkpdun fdvh zkhuh wkh frqwudfwxdo duudqjhphqw lv vljqhg dw

w @ 3 dqg ohjdoo| hqirufhdeoh1 Wklv lv wkh fdvh zkhuh dw dq| srlqw lq wlph/ doo wkh whupv

ri wkh frqwudfw zloo eh uhvshfwhg e| erwk sduwlhv1 Sduw| P zloo pd{lpl}h lwv jdlq

iurp wudgh +vxusoxv, vxemhfw wr wkh frqvwudlqw wkdw sduw| p sduwlflsdwhv1 Krzhyhu/

sduw| p zloo sduwlflsdwh rqo| li lwv vxusoxv lv srvlwlyh/ wkdw lv rqo| li Y +�> kf, � 3=

Vr/ wkh sureohp ri sduw| P lv

�� @ dujpd{Y +�> kf,

v=w=

X +�> kf, � 3

+4,

Sursrvlwlrq 4= Wkh rswlpdo frqwudfwxdo duudqjhphqw zlwk ixoo hqirufhdelolw| lv

vxfk wkdw wkh udwlrv ri wkh ehqh�w ri rqh dgglwlrqdo xqlw ri srzhu dw wlph w dqg

vwdwh v ryhu wkh ehqh�w ri rqh dgglwlrqdo xqlw ri srzhu dw wlph � dqg vwdwh t

duh htxdo iru erwk sduwlhv1 Wkh duudqjhphqw uhvxowv lq srolwlfdo �vwdelolw|�vlqfh

wkh h{shfwhg glvwulexwlrq ri srzhu lv frqvwdqw dfurvv wlph1

Wkh rswlpdo frqwudfw lv wkh rqh zklfk htxdol}hv wkh pdujlqdo udwh ri vxevwlwxwlrq

ri sduwlhv* uhvlgxdo srzhu dfurvv vwdwhv dqg shulrgv1 Wr vhh zk| wklv lv wuxh/ vxssrvh

wkdw wkh udwlrv ri pdujlqdo ehqh�wv duh gl�huhqw/ iru lqvwdqfh wkdw lw lv 7 iru wkh

pdmrulw| dqg 5 iru wkh plqrulw|1 Wklv phdqv wkdw iurp wlph � dqg vwdwh t wr wlph

w dqg vwdwh v/ wkh pdmrulw| sxwv uhodwlyho| �wrr pxfk�ydoxh rq dq dgglwlrqdo xqlw ri

srzhu zkhuhdv wkh plqrulw| sxwv �wrr olwwoh� ydoxh rq wklv xqlw1 Dv uhvxow wkh iruphu

zloo eh zloolqj wr jlyh pruh srzhu zkloh wkh odwwhu zloo eh zloolqj wr eh jlyhq pruh

srzhu1 Wkh surfhvv zloo frqwlqxh xqwlo wkh udwlrv ri pdujlqdo ehqh�wv duh htxdol}hg1
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Dw wkh rswlpxp/ wkhuh lv shuihfw ulvn vkdulqj dqg shuihfw srolwlfdo vwdelolw| vlqfh

wkh h{shfwhg glvwulexwlrq ri srzhu lv vwdwlrqdu| dqg uhpdlqv xqfkdqjhg ryhu wlph1

Dw wkh rswlpxp/ rqo| j| � u| +v, / wkh qhw wudqvihu ri srzhu ehwzhhq sduwlhv fdq eh

ghwhuplqhg dqg wklv wudqvihu ghshqgv rqo| rq wkh fxuuhqw hohfwrudo rxwfrph1 Wkh

pruh vhulrxv wkh ulvn ri srolwlfdo ylrohqfh lv/ +l1h1 u| +v, vpdoo,/ wkh kljkhu lv wkh qhw

wudqvihu ri srzhu wr wkh plqrulw|1 Zkhq wkh ulvn jhwv vpdoo + l1h1 u| +v, kljk,/ wkh

qhw wudqvihu ri srzhu lv vpdoo1 Reylrxvo|/ wkh juhdw fkdoohqjh ri d glylghg vrflhw|

lv zkhwkhu wkh pdmrulw| lv zloolqj wr jlyh hqrxjk frqwuro ri wkh jryhuqphqw wr wkh

plqrulw| fdqqrw frpplw wr uhgxfh wkh ulvn ri ylrohqfh vxevwdqwldoo| ru zkhwkhu wkh

plqrulw| lv zloolqj wr frrshudwh e| uhgxflqj wkh ulvn ri ylrohqfh zkhq wkh pdmrulw|

fdqqrw pdnh odujh frqfhvvlrqv1 Ilqdoo|/ qrwh wkdw dq rswlpdo srzhu0vkdulqj pd| zhoo

lqyroyh d srvlwlyh suredelolw| ri ylrohqfh/ wkdw lv u| +v, qhhgv qrw wr eh htxdo wr U| +v,1

Lq idfw/ u| +v, � U| +v, uhsuhvhqwv d fkhfn rq wkh pdmrulw| srzhu1

FRQWUDFWXDO DUUDQJHPHQW ZKHQ WKH PLQRULW\ FDQ

FRPPLW EXW WKH PDMRULW\ FDQQRW1

Ohw ph dvvxph wkdw rqo| p fdq frpplw wr uhvshfw wkh whupv ri wkh frqwudfw1 Wkdw

lv/ zkhqhyhu wkh srolwlfdo srzhu wkdw fdq eh ghulyhg iurp dqdufk| lv kljkhu wkdq

srolwlfdo srzhu wr eh ghulyhg iurp wkh ghprfudwlf surfhvv> sduw| P pd| uhqhjh rq

wkh frqwudfw1 Vlqfh wklv sduw| fdqqrw eh irufhg wr uhvshfw wkh whupv ri wkh djuhhphqw/

lw vkrxog eh surylghg zlwk wkh surshu lqfhqwlyhv1 Wklv zloo kdsshq rqo| li/ dw dq|

srlqw lq wlph/ sduw| P ghulyhv dw ohdvw dv pxfk xwlolw| iurp uhvshfwlqj wkh frqwudfw

dv uhqhjlqj rq lw1 Vlqfh erwk sduwlhv duh lqyroyhg lq d orqj whup uhodwlrqvkls/ P *v

xwlolw| iurp uhqhjlqj ghshqg rq krz p uhdfwv wr wklv dfwlrq1 L dvvxph wkdw p

jhqhudwhv dqdufk| li P uhqhjhv rq wkh frqwudfw1 Wklv sxqlvkphqw vwudwhj| zloo khos

ph wr fkdudfwhul}h wkh vhw ri ihdvleoh frqwudfwv wkdw zloo eh reh|hg zlwkrxw ohjdo

hqirufhphqw1 L vd| wkdw wkhvh frqwudfwv vdwlvi| wkh vhoi0hqiruflqj frqvwudlqw1

Wkh pdmrulw| zloo pdnh d fuhgleoh frpplwphqw wr uhvshfw wkh whupv ri wkh frqwudfw
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li wkh ehqh�wv ri grlqj vr rxwzhljk wkh frvw ri uhqhjlqj dqg �euhdnlqj xs� zlwk

wkh plqrulw|1 Dv lq vhfwlrq 4/ wkh whupv ri wkh frqwudfwv duh ghvfulehg e| wkh vhw

� @ ij| +k|3�, > u| +k|,j iru doo k| 5 C|= Vxssrvh wkh wudqvihu lq jryhuqphqw frqwuro

kdv wr eh pdgh ehiruh wkh shulrg w hohfwlrq/ wkdw lv j| @ j
n

|
A 3 1 Lq wklv fdvh/

sduw| P pd| kdyh dq lqfhqwlyh wr ylrodwh wklv djuhhphqw xqohvv lwv vxusoxv iurp

frpsoldqfh/ wkdw lv Y +�> k|3�, > lv srvlwlyh1 Li lqvwhdg wklv wudqvihu zhuh wr eh pdgh

diwhu wkh hohfwlrq/ wkdw lv u| +v, @ �u
3

|
+v, ? 3/ dqg P lv zloolqj wr uhqhjh rq wklv

frqwudfw/ wkh vxusoxv iurp frpsoldqfh lv jlyhq e|

y +J� j| . u| +v,,� y +J� j|, . �Y +�> k|3�> v, =

Wkxv/ wkh sureohp ri P lv=

�W @ dujpd{ Y +�> kf,

v= w= X +�> kf, � 3

Y +�> k|3�, � 3 ; w> k|3�

y +J� j| . u| +v,,� y +J� j|, . �Y +�> k|3�> v, � 3 ; v > w> k|3�

+5,

Sursrvlwlrq 5= Dvvxph p fdq frpplw exw P fdqqrw1 Wkhq wkhuh h{lvwv dq �h{whq0

vlyh� srzhu0vkdulqj duudqjhphqw wkdw lv lqfhqwlyh frpsdwleoh iru wkh pdmrulw|

uhjdugohvv ri wkh glvfrxqw idfwru �= Wklv duudqjhphqw lv h!flhqw dqg ohdgv wr

srolwlfdo vwdelolw| vlqfh wkh h{shfwhg glvwulexwlrq ri srzhu uhpdlqv xqfkdqjhg

ryhu wlph1
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Wkh sursrvlwlrq vwdwhv wkdw li lq hdfk shulrg wkh xqfrpplwwhg sduw| pdnhv d vxe0

vwdqwldo suh0hohfwrudo frqfhvvlrq wr wkh frpplwwhg sduw|/ wkdw lv j| � j @
J� u

5
/ wkhq

wkh ixoo frpplwphqw frqwudfw fdq eh hqirufhg91 Wklv lv wuxh uhjdugohvv ri wkh ydoxh

ri wkh glvfrxqw idfwru1 Hyhq zkhq sduwlhv duh qrw rswlplvwlf derxw wkh ixwxuh ri wkhlu

uhodwlrqvkls/ wkh pdmrulw|*v frpplwphqw sureohp fdq eh vxuprxqwhg dqg wkh rswlpdo

frqwudfw eh hqirufhg1 Wklv lv ehfdxvh zlwk d kljk j| hqrxjk srzhu lv fhghg wr wkh

plqrulw| wkdw wklv sduw| lv zloolqj wr surylgh ohjlwlpdf| wr wkh pdmrulw| uhjdugohvv

wkh hohfwrudo rxwfrph1 Wkh pdmrulw| zloo wkhq jdlq e| vwd|lqj lq wkh frqwudfwxdo

uhodwlrqvkls dqg zloo qhyhu ylrodwh wkh djuhhphqw1

Li d vxevwdqwldo suh0hohfwrudo frqfhvvlrq fdqqrw eh pdgh/ wkhq wkh ixoo frpplwphqw

frqwudfw fdqqrw eh vxssruwhg iru doo ydoxhv ri wkh glvfrxqw idfwru �1 Li wklv glvfrxqw

idfwru lv kljk hqrxjk/ wkhq sod|hu P zloo delgh e| wkh djuhhphqw ehfdxvh wkh ixwxuh

ehqh�wv ri vxfk dfwlrq h{fhhg wkh vkruw uxq jdlq ri ylrodwlqj wkh djuhhphqw1

Qh{w/ L fkdudfwhul}h wkh rswlpdo frqwudfwxdo duudqjhphqw zkhq j| ? j dqg wkh glv0

frxqw idfwru lv orz1 Wklv vfhqdulr fdswxuhv wkh vlwxdwlrq lq zklfk pdnlqj �h{fhvvlyh�

frqfhvvlrqv wr wkh plqrulw| lv �wrr� xqsrsxodu dprqj wkh hwkqlf pdmrulw|1

Sursrvlwlrq 6= Li �h{whqvlyh� srzhu0vkdulqj lv qrw ihdvleoh dqg erwk sduwlhv duh

p|rslf/ wkhq wkh rswlpdo frqwudfw lv vxfk wkdw wkhuh h{lvwv d orzhu erxqg wr

wkh plqrulw|*v srzhu1 Wklv erxqg lv wlph0lqghshqghqw dqg lqfuhdvlqj lq wkh

plqrulw|*v hohfwrudo vxssruw1

Zkhq wkh glvfrxqw idfwru lv orz dqg j lv qrw dwwdlqdeoh/ shuihfw lqvxudqfh/ wkdw

lv d �{hg srzhu vkdulqj/ lv qrw ihdvleoh1 Dv d uhvxow wkh plqrulw| srzhu pxvw wr

vrph h{whqw ghshqg wr vrph h{whqw rq wkh hohfwrudo rxwfrph1 Krzhyhu/ wkhuh h{lvwv

d plqlpxp ohyho ri srzhu zklfk suhyhqwv wkh pdmrulw| iurp ylrodwlqj lwv djuhhphqw

dqg rswlpdoo| wudglqj r� lwv fxuuhqw dqg ixwxuh srzhu1 Wklv uhvxow vkrzv wkdw hlwkhu

wkh srzhu glvwulexwlrq lv �{hg ryhu wlph ru lw lv erxqghg iurp ehorz1 Wkh �uljkwv�

9Wkh surri ri Sursrvlwlrq 4 jlyhq lq dsshqgl{ h{sodlqv krz } lv ghulyhg1
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ri wkh plqrulw| duh wkhq surwhfwhg uhjdugohvv ri krz sduwlhv glvfrxqw wkh ixwxuh1 Lq

dgglwlrq/ wkh frqwudfw lqgxfhv olplwhg srolwlfdo prelolw| ehfdxvh hohfwrudo rxwfrphv

�voljkwo|�d�hfw srzhu glvwulexwlrq1

Wkh dujxphqw uhpdlqv ydolg hyhq zkhq wkh plqrulw| lv wkh sduw| zlwk frpplwphqw

sureohpv1 Lq wklv fdvh/ wklv sduw| zloo kdyh wr pdnh fuhgleoh suhhohfwrudo �vwdwhphqwv�

wr suryh lwv frpplwphqw wr flylo rughu dqg wr d vwdeoh srolwlfdo v|vwhp1 Wkh vwdwhphqw

pljkw iru lqvwdqfh wdnh wkh irup ri glvpdqwolqj ri wkh plolwdu| zlqj ri wklv sduw| li

lw kdv rqh:1 Iurp d whfkqlfdo srlqw ri ylhz wklv uhyhuvdo ri urohv ehwzhhq wkh wzr

sduwlhv phdq wkdw erwk j| dqg u| +v, wdnh qhjdwlyh ydoxhv1

Suhhohfwrudo frqfhvvlrqv fdq dovr eh vhhq dv vljqdolqj ghylfhv ghvljqhg e| rqh sduw|

wr frqylqfh wkh rwkhu rq lwv frpplwphqw wr fduu| rxw wkh whupv ri wkh frqwudfw1 Wr

vkrz wklv irupdoo|/ ohw ph dvvxph wkdw wkhuh duh wzr lqglvwlqjxlvkdeoh w|shv ri wkh

pdmrulw| sduw|/ wkh �krqhvw� w|sh zklfk dozd|v fduulhv rxw lwv surplvhv dqg d �glv0

krqhvw� w|sh zklfk zloo euhdn lwv surplvh li lw lv lq lwv lqwhuhvw wr gr vr1 Hdfk w|sh

zloo vhqg d frvwo| suhhohfwrudo phvvdjh lq whupv ri srolwlfdo frqfhvvlrqv1 Wkh plqru0

lw| sduw| diwhu uhfhlylqj wkh phvvdjh ghflghv wr fuhdwh dqdufk| ru uhpdlq shdfhixo1

Wklv jdph/ xqghu fhuwdlq frqglwlrqv zloo kdyh d vhsdudwlqj htxloleulxp/ lq zklfk wkh

krqhvw w|sh dqg wkh glvkrqhvw w|sh vhqg gl�huhqw phvvdjhv1 Vlqfh wkh plqrulw|*v

delolw| fuhdwh dqdufk| pljkw ghfuhdvh iurp rqh shulrg wr dqrwkhu/ wkh glvkrqhvw w|sh

zloo /gxulqj wklv wlph shulrg/ kdyh dq lqfhqwlyh wr ylrodwh wkh frqwudfw1 Khqfh wkh

glvkrqhvw ri plqrulw| sduw| zloo qrw jdlq e| pdnlqj d odujh suhhohfwrudo frqfhvvlrq1

Lq frqwudvw/ wkh krqhvw w|sh zloo zdqw wr pdnh vxfk frqfhvvlrq wr suryh lwv frpplw0

phqw qhyhu wr uhqhjh rq wkh frqwudfw1 Wkh vl}h ri wklv frqfhvvlrq zloo lqfuhdvh dv wkh

suredelolw| zhljkw sxw rq wkh h{lvwhqfh ri wkh krqhvw w|sh ghfuhdvhv;1

Lq wkh surfhvv ri wudqvlwlrq wr ghprfudf|/ srzhu vkdulqj duudqjhphqwv fdq eh vhhq

:E| wdnlqj vxfk dfwlrq/ wkh plqrulw| jhwv ulg ri wkh phdqv ri dq| hyhqwxdo dqdufk|1 Dv d uhvxow

wkh pdmrulw| zloo kdyh qrwklqj wr ihdu1
;Wkh pdlq sureohp zlwk wklv dssurdfk lv wkdw wkh h{fkdqjh lv qrw h!flhqw gxh wr lqirupdwlrq

frvw1
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dv d jliw h{fkdqjh ehwzhhq sduwlhv1 Iru wkh h{fkdqjh wr eh h!flhqw/ wkh sduw| wkdw

fdqqrw frpplw wr uhvshfw wkh whupv ri wkh frqwudfw kdv wr eh vrphkrz glvflsolqhg1

Wklv sduw| zloo kdyh wr ehdu doo wkh ulvn ri d idlohg wudqvlwlrq e| pdnlqj vrph suh0

hohfwrudo lqyhvwphqwv zklfk zloo eh orvw li lw ehkdyhv lq dq rssruwxqlvwlf pdqqhu1

Wkh dujxphqw lv vlplodu wr wkh rqh ghyhorshg lq Zlooldpvrq +4<;6,/ zklfk h{sodlqv

krz wkh xvh ri krvwdjhv frxog khos wr vxssruw h!flhqw h{fkdqjh1 Lq wklv prgho/ wkh

krvwdjh uhsuhvhqwv wkh suhhohfwrudo lqyhvwphqw pdgh e| sduw| P=

Ihdurq +4<<5, h{sodlqv ylrohqfh lq wkh iruphu \xjrvodyld e| wkh lqdelolw| ri hwkqlf

pdmrulwlhv lq wkhvh frxqwulhv wr frpplw qrw wr h{sorlw wkh plqrulwlhv lq wkh qhz vwdwh1

Dffruglqj wr wkh dxwkru wkh frpplwphqw sureohpv dulvh zkhq jurxsv lqwhudfw lq dq0

dufk| lq wkh devhqfh ri d wklug sduw| deoh wr jxdudqwhh dqg hqirufh frqwudfwv dqg wkh

plqrulw|*v delolw| wr fuhdwh dqdufk| ghfuhdvhv zlwk wlph1 Lq vxfk flufxpvwdqfhv wkh

plqrulw| zloo jdlq e| �jkwlqj lq wkh suhvhqw1 Ihdurq uljkwo| srlqwhg rxw wkdw wkhvh

sureohpv frxog eh vroyhg e| jlylqj vrph edujdlqlqj srzhu wr plqrulwlhv1 Wklv sdshu

dujxhv wkdw hyhq lq wkh devhqfh ri d frxuw/ erwk sduwlhv frxog vroyh wkh frpplwphqw

sureohpv e| ghvljqlqj vhoi0hqiruflqj frqwudfwv/ wkdw lv frqwudfwv zklfk duh lppxqh

wr rssruwxqlvwlf ehkdylru1 Wkhvh duudqjhphqwv dulvh iurp suhhohfwrudo iruxpv ru

urxqgwdeohv ehwzhhq sduwlhv zklfk wkhq ehfrph vrphwklqj olnh dq lqvxudqfh pdunhw1

Srolwlfdo vwdelolw| lv jxdudqwhhg e| jlylqj qrw mxvw �vrph� ohyhudjh wr wkh plqrulwlhv

lq wkh qhz srolwlfdo v|vwhp/ exw e| jlylqj wkhp wkh ehvw ghdo wkdw wkh| frxog srvvleo|

jhw1 Ixuwkhupruh wkh srzhu vkdulqj duudqjhphqw vkrxog eh h�hfwlyh ehiruh wkh hohf0

wlrqv dqg fdq eh lqwhusuhwhg dv dq lqvxudqfh suhplxp1 Wklv frqwudfw zloo eh hqirufhg

hyhq li/ gxh wr d orz glvfrxqw udwh/ wkh ydoxh ri fuhdwlqj dqdufk| ghfolqhv vkduso| ryhu

wlph1 Frqvhtxhqwo| hyhq lq wkh frqwh{w ri dq dqdufklf srolwlfdo vlwxdwlrq zkhuh wkh

plqrulw|*v delolw| wr fuhdwh dqdufk| ghfuhdvhv ryhu wlph/ frpplwphqw sureohpv fdq

eh vroyhg dqg hwkqlf zduv dyhuwhg1

Wkh uhvxow lq wklv vhfwlrq lv edvhg rq wkh dvvxpswlrq wkdw rqo| rqh sduw|/ qdpho|

wkh pdmrulw|/ kdv d frpplwphqw sureohp1 Krzhyhu/ dv L kdyh vdlg hduolhu wkh plqrulw|

fdq dovr kdyh dq lqfhqwlyh wr ylrodwh wkh frqwudfwxdo duudqjhphqw li lw lv ehqh�fldo
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wr gr vr1 Xqghu wkhvh flufxpvwdqfhv wkh frqwudfwxdo duudqjhphqw wkdw L kdyh mxvw

ghvfulehg pd| qrw eh ihdvleoh1 Lq wkh iroorzlqj olqhv/ L vwxg| wkh vwuxfwxuh ri frqwudfwv

lq wkh fdvh zkhq erwk sduwlhv kdyh frpplwphqw sureohp1

FRQWUDFWXDO DUUDQJHPHQW ZKHQ QHLWKHU SDUW\ FDQ

FRPPLW

Lq wkh suhvhqfh ri d elodwhudo frpplwphqw sureohpv/ lqfhqwlyhv kdyh wr eh ghvljqhg

vxfk wkdw erwk sduwlhv zloo reh| wkh frqwudfw1 Wkh rswlpdo frqwudfw zkhq qhlwkhu

sduw| fdq frpplw zloo vroyh wkh iroorzlqj pd{lpl}dwlrq sureohp1

�
WW
@ dujpd{ Y +�> kf,

v= w= X +�> k|, � 3

Y +�> k|3�, � 3 ; w> k|3�

x +U +v, . j| � u| +v,,� x +U +v, . j|, . �X +�> k|3�> v, � 3 ; v > w> k|3�

y +J� j| . u| +v,,� y +J� j|, . �Y +�> k|3�> v, � 3 ; v > w> k|3�

+6,

Wkh �uvw wzr htxdwlrqv phdq wkdw wkh frqwudfw kdv wr jhqhudwh d srvlwlyh vxusoxv

iru erwk sduwlhv dw dq| srlqw lq wlph dqg diwhu dq| klvwru|1 Wkh qh{w wzr phdq

wkdw diwhu dq| klvwru| hlwkhu sduw| kdv wr suhihu vwd|lqj lq wkh frqwudfw udwkhu wkdq

uhqhjlqj rq lw1 Wkh srvw hohfwrudo + h{ srvw , lqfhqwlyh frqvwudlqw iru p wkdw lv/

x +U +v, . j| � u| +v,,�x +U +v, . j|,.�X +�> k|3�> v, � 3> dssolhv zkhq j| @ �j
3

|
? 3

dqg wkh h{ srvw lqfhqwlyh frqvwudlqw iru P / wkdw lv y +J� j| . u| +v,,� y +J� j|, .

�Y +�> k|3�> v, � 3 dssolhv zkhq u| +v, @ �u
3

|
+v, =

Wkh iroorzlqj sursrvlwlrq ghvfulehv wkh vhoi0hqiruflqj frqwudfw1
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Sursrvlwlrq 7= Dvvxph qhlwkhu p qru P fdq frpplw1 Wkhq wkhuh h{lvwv d �qrq h{0

whqvlyh� srzhu0vkdulqj duudqjhphqw wkdw lv lqfhqwlyh frpsdwleoh iru erwk sduwlhv

dv orqj dv wkh glvfrxqw idfwru � lv vx!flhqwo| kljk1

Wklv uhvxow vkrzv wkdw shuihfw ulvn vkdulqj lv srvvleoh hyhq zkhq wkhuh lv d wrwdo

euhdngrzq ri wuxvw ehwzhhq sduwlhv1 Wklv zloo kdsshq rqo| li sduwlhv fduh hqrxjk

derxw wkh ixwxuh/ wkdw lv li wkhlu glvfrxqw idfwru lv vx!flhqwo| kljk1 Wr vhh zk|/

vxssrvh wkdw wkh plqrulw| sduw| lv zloolqj wr fuhdwh dqdufk|1 D kljk glvfrxqw udwh

pdnhv wkh ixwxuh frvw ri dqdufk| rxwzhljk wkh lpphgldwh jdlq ri vxfk dfwlrq1 Wkh

plqrulw| sduw| zloo jdlq e| delglqj e| wkh whupv ri wkh frqwudfw dqg frqvhtxhqwo|/

wkh h!flhqw ulvn vkdulqj frqwudfw zloo eh hqirufhg1

Qrz ohw ph fkdudfwhul}h wkh surshuwlhv ri wkh frqwudfw zkhq wkh glvfrxqw idfwru lv

qrw vx!flhqwo| kljk1

Sursrvlwlrq 8= Zkhq qhlwkhu sduw| fdq frpplw/ wkh rswlpdo frqwudfw lv vxfk wkdw

wkh pruh d sduw| lv h{shfwhg wr jdlq iurp wkh frqwudfwxdo uhodwlrqvkls wkh ohvv lw

pxvw frqfhgh1 Lq dgglwlrq/ wkh doorfdwlrq ri srzhu dfurvv sduwlhv pd| fkdqjh

�voljkwo|� ryhu wlph ghshqglqj xsrq sdvw dqg fxuuhqw hohfwrudo rxwfrphv1

Zkhq wkh glvfrxqw idfwru lv orz/ wkh rswlpdo frqwudfw fdqqrw eh hqirufhg1 Wkh

vhfrqg ehvw vhoi0hqiruflqj frqwudfw zloo eh vxfk wkdw zkhq wkh pdmrulw|*v h{shfwhg

jdlq iurp wkh h{fkdqjh lqfuhdvhv/ lwv suhhohfwrudo frqfhvvlrq zloo ghfuhdvh1 Wklv vhhpv

d elw vxusulvlqj vlqfh L pljkw h{shfw wkh pdmrulw| sduw| wr eh pruh jhqhurxv zkhq

wkh h{fkdqjh ehfrph pruh sur�wdeoh1 Krzhyhu/ wkh lqwxlwlrq ri wklv uhvxow ehfrphv

fohdu zkhq L orrn dw krz wkh sur�wdelolw| ri wkh h{fkdqjh d�hfwv wkh vhoi0hqiruflqj

frqvwudlqwv1 Zkhq wklv vxusoxv lv orz/ P lv doprvw lqgl�huhqw ehwzhhq euhdnlqj xs

wkh uhodwlrqvkls dqg reh|lqj wkh frqwudfw1 Frqvhtxhqwo| P zloo eh shufhlyhg dv kljk

ulvn dqg zloo kdyh wr sd| d kljkhu lqvxudqfh suhplxp1 Lq rwkhu zrugv lw zloo kdyh
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wr pdnh pruh vxevwdqwldo suhhohfwrudo frqfhvvlrqv lq rughu wr zlq wkh wuxvw ri lwv

rssrqhqw1

Wkh uhvxow pd| h{sodlq h{whqvlyh srzhu0vkdulqj suryhg vwdeoh lq Vzlw}huodqg/

Qhwkhuodqg exw idlohg lq prvw Wklug Zruog frxqwulhv lqfoxglqj Ohedqrq dqg Qljhuld

+Krurzlw} ^4<;8`,1 Iru Zhlqjdvw +4<<:,/ wkh pdlq uhdvrq olhv lq wkh suhvhqfh ri lq0

vwlwxwlrqv wkdw surylgh lqfhqwlyhv iru pxwxdo wrohudqfh dqg lq wkh idfw wkdw flwl}hqv

zdqw wkhvh lqvwlwxwlrqv suhvhuyhg1 P| dujxphqw uholhv rq wzr idfwruv= +4, gl�huhqfhv

lq wkh ohyho ri hfrqrplf ghyhorsphqw dqg jryhuqphqw uhvrxufhv wkdw ghwhuplqh wkh

ydoxh dwwdfkhg e| wkh gl�huhqw jurxsv wr �vwd|lqj wrjhwkhu� dqg +5, wkh lqdelolw|

wr frpplw wr uhvshfwlqj wkh lqvwlwxwlrqv wkdw wkh| kdyh djuhhg xsrq1 Odfn ri frp0

plwphqw wr lqvwlwxwlrqv uhtxluhv odujh frqfhvvlrqv wkdw qhlwkhu wkh pdmrulw| qru wkh

plqrulw| lv zloolqj wr pdnh xqohvv wkh| ydoxh wkhlu uhodwlrqvkls yhu| kljko|1 Hfrqrplf

ghyhorsphqw dqg dexqgdqfh ri jryhuqphqw uhvrxufhv pdnh wkrvh frqfhvvlrqv hdvlhu1

Wkh uhvxow hfkrhv Su}hzruvnl hw do +5333, hpslulfdo uhvxow vkrzlqj wkdw ghprfudf|

qhyhu froodsvh lq frxqwulhv zlwk JGS ryhu '5/ ;331

Wkh rswlpdo frqwudfw lv vxfk wkdw edg hohfwrudo shuirupdqfh ohdgv wr ohvv srzhu dqg

jrrg hohfwrudo shuirupdqfh ohdgv wr pruh srzhu1 Pruhryhu d vxffhvvlrq ri edg +jrrg,

shuirupdqfhv zloo uhgxfh +lqfuhdvh, srzhu hyhq ixuwkhu1 Wklv phdqv wkdw sduwlhv duh

qrw ixoo| lqvxuhg1 Wkh| ehdu pruh ulvn wkdq wkh| gr lq wkh fdvh ri dq rswlpdo

frqwudfwxdo duudqjhphqw1 Lq dgglwlrq/ srzhu glvwulexwlrq ryhu wlph lv udqgrp dqg

wkhuh lv srolwlfdo prelolw|1 Wkh duudqjhphqw dovr lqgxfhv xsshu dqg orzhu erxqgv rq

wkh ohyhov ri uhvlgxdo srzhu1 Dv d uhvxow/ sduwlhv* frqwuro ryhu wkh vwdwh zloo qhyhu idoo

ehorz vrph plqlpxp ohyho dqg zloo qhyhu lqfuhdvh eh|rqg vrph pd{lpxp ohyho1 Wklv

frqfoxvlrq kdv lpsruwdqw lpsolfdwlrqv iru ghprfudwlf wkhru|1 Ulnhu +4<;5, dujxhv

wkdw wkh uroh ri ghprfudwlf lqvwlwxwlrqv lv wr uhvwudlq wkh srzhu ri wkh pdmrulw| dqg

ri hohfwhg r!fldov1 Wkh surwhfwlrq ri wkh plqrulwlhv djdlqvw h{sorlwdwlrq frphv iurp

wkh idfw srolwlfdo pdmrulwlhv duh lq jhqhudo xqvwdeoh dqg wudqvlwru|1 � Wkh pdmrulw|

lv qrw olnho| wr w|udqql}h ryhu shrsoh zkr pd| wkhpvhoyhv eh rq wrs diwhu wkh qh{w

hohfwlrqv1 � +s 567,1 Wkh prgho ri ghprfudf| wkdw L frqvlghu lq wklv sdshu lv
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gl�huhqw iurp d Pdglvrqldq ghprfudf| lq rqh yhu| lpsruwdqw dvshfw1 Wkh pdmrulw|

lv qrw whpsrudu| ru xqvwdeoh1 Dv d uhvxow/ hohfwlrqv surylgh devroxwho| qr h{whuqdo

fkhfn wr suhyhqw wkh h{sorlwdwlrq ri wkh plqrulw|1 Uhvwudlqwv rq wkh pdmrulw| zloo dulvh

qrw iurp wkh zloo ri wkh shrsoh exw iurp d gluhfw lqwhudfwlrq ehwzhhq sduwlhv/ iurp wkh

zloolqjqhvv ri wkh pdmrulw| wr vwdelol}h lwv krog rq wkh srolwlfdo v|vwhp dqg wr suhyhqw

uhehoolrqv ru vhfhvvlrq1 Wkhvh uhvwudlqwv dulvh dv rswlpdo vroxwlrqv wr frpplwphqw

sureohpv/ wr odfn ri wuxvw ehwzhhq sduwlhv1

DSSOLFDWLRQV

Olmskduw +4<9<, frqvlghuv �frrshudwlrq e| ohdghuv ri gl�huhqw jurxsv zklfk wudq0

vfhqgv wkh vhjphqwdo ru vxefxowxudo fohdydjhv dw wkh pdvv ohyho� dv hvvhqwldo lq hv0

wdeolvklqj ghprfudf| lq soxudolvwlf vrflhwlhv1 Wkh �uvw dqg prvw ylvleoh irup ri wklv

frrshudwlrq lv frdolwlrq jryhuqphqw1 Lq Vzlw}huodqg wkh lqvwlwxwlrqdo irup ri wklv

v|vwhp ri jryhuqphqw zdv wkh Ihghudo Frxqflo frpsrvhg ri phpehuv ri wkh irxu

pdlq sduwlhv lq sursruwlrq wr wkhlu hohfwrudo vxssruw1 Dv L kdyh douhdg| phqwlrqhg/

wkh Wudqvlwlrqdo H{hfxwlyh Frxqflo lq Vrxwk Diulfd zdv dqrwkhu looxvwudwlrq ri wklv

w|sh srzhu0vkdulqj duudqjhphqw1 Wkh rwkhu irupv ri holwh frrshudwlrq lq wklv v|vwhp

ri jryhuqphqw gh�qhg dv Frqvrfldwlrqdolvp/ duh pxwxdo yhwr/ sursruwlrqdolw| dqg

vhjphqwdo dxwrqrp|1

Wklv sdshu ghulyhv frqvrfldwlrqdo iurp ri jryhuqphqw dv dq h!flhqw frqwudfwxdo

duudqjhphqw ehwzhhq d plqrulw| sduw| dqg d pdmrulw| sduw|1 Wkh ixqgdphqwdov ri rxu

prgho irupdol}h Olmskduw*v ghvfulswlrq ri d vhjphqwhg srolwlfdo v|vwhp1 E| dvvxplqj

iru lqvwdqfh wkdw wkhuh h{lvwv dq xsshu erxqg v wr wkh plqrulw| sduw|*v hohfwrudo

vxssruw/ L fdswxuh srolwlfdo srodul}dwlrq dqg hwkqlf glylvlrq1 Dovr rxu dvvxpswlrq

ri dqdufk| dv wkh rqo| dowhuqdwlyh wr srzhu vkdulqj lv zhoo lq wkh vslulw ri Olmskduw*v

zrunv1 Frqvrfldwlrqdolvp dulvhv lq rxu prgho iurp vwudwhjlf lqwhudfwlrqv ehwzhhq

udwlrqdo dqg vho�vk srolwlfdo djhqwv dwwhpswlqj wr pd{lpl}h wkh xwlolw| wkh| frxog

ghulyh iurp kroglqj r!fh1 Wkh wkuhdw ri dqdufk| h�hfwlyho| suhyhqwv d vho�vk dqg
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srzhu orylqj pdmrulw| iurp prqrsrol}lqj wkh srolwlfdo v|vwhp/ iurp dexvlqj lwv srzhu

ru h{sorlwlqj wkh plqrulw|1 L dovr irxqg wkdw srolwlfdo frqfhvvlrqv pdgh ehiruh wkh

hohfwlrqv duh h�hfwlyh lq suhyhqwlqj wkh rffxuuhqfh ri frq lfwv1 Wklv lv wr vd| wkdw wkh

wlplqj ri wkh dssolfdwlrq ri wkh srzhu vkdulqj frqwudfw pljkw eh ri fulwlfdo lpsruwdqfh

lq surprwlqj frrshudwlyh ehkdylru dprqj srolwlfdo sduwqhuv1 Zkhq wkh pdmrulw|

fdqqrw eh wuxvwhg/ wklv sduw| zloo kdyh wr pdnh yhu| odujh frqfhvvlrqv wr vhfxuh lwv

krog rq wkh srolwlfdo v|vwhp<1 Pruhryhu/ iru rswlpdo frrshudwlyh ehkdylru wr eh

vxvwdlqhg lq wkh devhqfh ri vxfk frqfhvvlrqv/ lw pxvw eh wkh fdvh wkdw sduwlhv duh yhu|

rswlplvwlf derxw wkh ixwxuh1 Wkh| qhhg wr eholhyh wkdw wkh qhz v|vwhp zloo odvw d

orqj wlph143

Dq lqwhuhvwlqj ihdwxuh ri wkh frqwudfwxdo duudqjhphqw lq wkh suhvhqfh ri elodwhudo

frpplwphqw sureohpv lv wkdw wkh pruh sduwlhv kdyh wr orvh iurp wkh uhodwlrqvkls/ wkh

ohvv wkh| kdyh wr jlyh xs1 Wklv phdqv wkdw lq d frxqwu| zkhuh hwkqlf frq lfwv kdyh

zhdnhqhg wkh vwdwh dqg ohg wr d surolihudwlrq ri sulydwh duplhv/ qhjrwldwhg wudqvlwlrq

zloo eh vxffhvvixo rqo| li wkh srolwlfdo sduwqhuv duh zloolqj wr pdnh h{wuhph frqfhvvlrqv1

Rwkhuzlvh iruhljq lqwhuyhqwlrq ru phgldwlrq pljkw eh wkh rqo| zd| wr uhvwruh rughu1

Rqh prwlydwlrq ri wklv sdshu zdv wr h{sodlq zk| pdmrulw| sduwlhv whqg wr frqfhgh

�wrr pxfk� gxulqj wkh qhjrwldwlrq surfhvv ohdglqj wr wudqvlwlrq wr ghprfudf|1 Mxqj

dqg Vkdslur +4<<7, xvlqj Vrxwk Diulfd dv dq h{dpsoh vwuhvvhg wkh idfw wkdw jrlqj

lqwr wkh qhjrwldwlrqv/ jryhuqphqw uhiruphuv uhsuhvhqwlqj wkh zklwh plqrulw| kdg d

vwuxfwxudo dgydqwdjh ghulyhg iurp wkhlu frqwuro ryhu wkh frhuflyh lqvwlwxwlrqv ri wkh

vwdwh1 Wklv sdshu/ xvlqj d udwlrqdo fkrlfh shuvshfwlyh/ vkrzv wkdw hyhq lq wkh devhqfh

ri vxfk dgydqwdjh/ wkh uhvxowv ri wkh qhjrwldwlrqv pljkw kdyh ehhq wkh vdph1 Wkh

DQF uhsuhvhqwlqj wkh eodfn pdmrulw|/ qhhghg wr zlq qrw rqo| wkh hohfwlrqv exw dovr

srolwlfdo ohjlwlpdf| wr vhfxuh flylo rughu1 Iru wklv sxusrvh/ wklv sduw| qhhghg d eurdg

dqg odujh frqvhqvxv/ rqh wkdw lw frxog rewdlq rqo| li lw djuhhg wr srzhu vkdulqj1 Pruh0

<Lq vhfwlrq 5/ zh gh�qh wkh v|vwhp dulvlqj iurp vxfk frqfhvvlrqv dv vwurqjo| frqvrfldwlrqdo1

H{dpsohv ri vxfk v|vwhpv duh wkh srvw0dsduwkhlg Vrxwk Diulfd dqg wkh srvw 4<;; Fkloh1
43Wklv wr vd| wkdw wkh glvfrxqw udwh kdv wr eh �yhu|� kljk1
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ryhu/ jlyhq wkh vxssrvhg odfn ri fuhglelolw| ri wkh DQF/ frqfhuqlqj lwv frpplwphqw

wr frqvrfldwlrqdo duudqjhphqwv/ wklv sduw| kdg �wr pdnh d vwdwhphqw� lq rughu wr

hvwdeolvk wuxvw ehwzhhq wkh wzr frppxqlwlhv1 Wklv zdv dfklhyhg e| kdylqj wkh DQF

pdnh odujh suh0hohfwrudo frqfhvvlrqv wr wkh Qdwlrqdo Sduw|1

FRQFOXGLQJ UHPDUNV

Wklv sdshu xvhv lqvljkwv iurp wkh wkhru| ri vhoi0hqiruflqj ulvn vkdulqj frqwudfwv

wr glvfxvv wkh udwlrqdolw| ri srzhu vkdulqj duudqjhphqwv1 Zkhq wkhuh lv olplwhg

hqirufhdelolw| ri wkhvh duudqjhphqwv/ L ghulyhg uhvwulfwlrqv vxfk wkdw wkh duudqjhphqw

zloo lq idfw eh xskhog lq ixwxuh shulrgv1 Pdq| ri wkhvh uhvwulfwlrqv duh frqvlvwhqw zlwk

revhuyhg srolwlfdo lqvwlwxwlrqv lq Vrxwk Diulfd/ Fkloh/ Srodqg dqg hovhzkhuh1 L srlqw

rxw iru lqvwdqfh wkh fulwlfdo lpsruwdqfh ri wlplqj lq wkh dssolfdwlrq ri wkh frqwudfw1

D pdmru uhvwulfwlrq lq wkh vwuxfwxuh ri wkh prgho ghyhorshg lq wklv sdshu frq0

fhuqv wkh dv|pphwu| ehwzhhq sduwlhv1 Frqvhtxhqwo|/ jlyhq lwv ghprjudsklf zhljkw/

wkh plqrulw| lv h{shfwhg wr orvh dq| hohfwlrqv wr eh khog lq wkh ixwxuh1 Hyhq li wklv

dvvxpswlrq uh hfwv wkh uhdolwlhv ri frxqwulhv vxfk dv Vzlw}huodqg/ Vrxwk Diulfd/ Vul

Odqnd ru Uxvvld/ lw grhv qrw dsso| wr dgydqfhg ghprfudflhv1 Li rxu prgho zhuh wr

fdswxuh nh| ihdwxuhv ri wkhvh srolwlfdo v|vwhpv/ sduwlhv vkrxog kdyh d idluo| htxdo

fkdqfh ri zlqqlqj wkh hohfwlrqv1 Lq wklv fdvh Gdko +4<89, fodlpv wkdw wkh pdlq sur0

whfwlrq djdlqvw wkh h{sorlwdwlrq ri plqrulwlhv frphv iurp wkh idfw wkdw pdmrulwlhv duh

xqvwdeoh dqg wudqvlwru|1 L lqwhqg/ lq ixwxuh zrunv/ wr h{soruh wkh lvvxh ri frpplwphqw

dqg frqvwlwxwlrqdo vwdelolw| lq wkh pruh jhqhudo vhwwlqj ri d Pdglvrqldq ghprfudf|

dv zhoo dv surylglqj d irupdo dqg udwlrqdo fkrlfh shuvshfwlyh wr Gdko*v frqmhfwxuhv1

UHIHUHQFHV

^4` Eduu|/ Euldq1 4<:81 �Srolwlfdo Dffrpprgdwlrq dqg Frqvrfldwlrqdo Ghprfudf|1 Eulwlvk

Mrxuqdo ri Srolwlfdo Vflhqfh 8 +Rfwrehu,= 7::08381

^5` Gdko/ Urehuw1 4<891 D suhidfh wr Ghprfudwlf Wkhru|1 Qhz Kdyhq1 \doh Xqlyhuvlw|
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Suhvv1

^6` Ihdurq/ Mdphv G1 4<<51 Hwkqlf Zdu dv Frpplwphqw Sureohp1 Plphr Xqlyhuvlw| ri

Fklfdjr1

^7` Iulhgulfk/ Nduo1 4<:71 Olplwhg Jryhuqphqw1 Suhqwlfh Kdoo Lqf1/ Hqjhozrrg Fol�v/ Qhz

Mhuvh|1

^8` Jdxwklhu/ Fholqh dqg Srlwhylq Plfkho1 4<<71 Xvlqj H{ Dqwh Sd|phqwv lq Vhoi0

Hqiruflqj Frqwudfwv1 Glvfxvvlrq Sdshu 36<7/ FUGH/ Xqlyhuvlwh gh Prqwuhdo1

^9` Jdxwklhu/ Fholqh/ Srlwhylq Plfkho dqg Sdwulfn Jrq}doh}1 4<<:1 H{ Dqwh Sd|phqwv lq

Vhoi0Hqiruflqj Ulvn0vkdulqj Frqwudfwv� Mrxuqdo ri Hfrqrplf Wkhru| :9= 43904771

^:` Krurzlw} Grqdog O1 4<;81 Hwkqlf Jurxsv lq Frq lfw1 Ehunhoh|= Xqlyhuvlw|ri Fdoliru0

qld Suhvv1

^;` Kxqwlqjrq Vdpxho S1/ 4<<41 Wkh Wklug Zdyh= Ghprfudwl}dwlrq lq wkh Odwh Wzhqwlhwk

Fhqwxu|/ Qrupdq= Xqlyhuvlw| ri Rnodkrpd Suhvv1

^<` Mxqj Frxuwqh| dqg Vkdslur Ldq/ 4<<81 Vrxwk Diulfd*v Qhjrwldwhg Wudqvlwlrq= Ghprf0

udf| dqg Rssrvlwlrq lq Frpsdudwlyh Shuvshfwlyh1 Srolwlfv dqg Vrflhw| 56= 59<0

63;

^43` Olmskduw/ Duhqg1 4<::1 Ghprfudf| lq Soxudo Vrflhwlhv1 Qhz Kdyhq1 \doh Xqlyhuvlw|

Suhvv

^44` Qrugolqjhu/ Hulf1 4<:51 Frq lfw Uhjxodwlrq lq Glylghg Vrflhwlhv1 Fhqwhu iru Lqwhuqd0

wlrqdo D�dluv/ Kduydug Xqlyhuvlw|/ Fdpeulgjh/ Pdvv1` =

^45` Su}hzruvnl/ Dgdp/ Plfkdho Doyduh}/ Mrvh Fkhlexe dqg Ihuqdqgr Olprqjl1 53331

Ghprfudf| dqg Ghyhorsphqw1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^46` Ulnhu/ Zlooldp K1 4<;51 Olehudolvp djdlqvw Srsxolvp= D Frqiurqwdwlrq Ehwzhhq wkh

Wkhru| ri Ghprfudf| dqg wkh Wkhru| ri Vrfldo Fkrlfh1 Vdq Iudqflvfr= Z1K1

Iuhhpdq1
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^47` Rughvkrrn/ Shwhu F1 4<<41 Frqvwlwxwlrqdo Vwdelolw|1 Frqvwlwxwlrqdo Srolwlfdo Hfrqrp|

6= 46:0:8

^48` Wkrpdv/ Mrqdwkdq dqg Zruudoo Wlp/ 4<;;1 Vhoi Hqiruflqj Zdjh Frqwudfwv/ Uhylhz

ri Hfrqrplfv Vwxglhv/ 88= ss 8740887

^49` Wkrpdv/ Mrqdwkdq dqg Zruudoo Wlp/ 4<<71 Lqirupdo Lqvxudqfh Duudqjhphqwv lq Ylo0

odjh Hfrqrplhv1 Zrunlqj Sdshu Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Zdu0

zlfn1

^4:` Zhlqjdvw/ Eduu|1 4<<71 Lqvwlwxwlrqv dqg Srolwlfdo Frpplwphqw= DQhz Srolwlfdo Hfrq0

rp| ri wkh Dphulfdq Flylo Zdu Hud1 Pdqxvfulsw/ Krryhu Lqvwlwxwlrq1

^4;` Zhlqjdvw/ Eduu|1 4<<:1 Wkh Srolwlfdo Irxqgdwlrqv ri Ghprfudf| dqg wkh Uxoh ri Odz1

Dphulfdq Srolwlfdo Vflhqfh Uhylhz <4 Qr 5= 57805961

^4<` Zlooldpvrq/ Rolyhu 1 4<;61 Fuhgleoh Frpplwphqw= Xvlqj Krvwdjhv wr Vxssruw H{0

fkdqjh1 Dphulfdq Hfrqrplf Uhylhz :6= ss 84<08731

^53` Zlooldpvrq/ Rolyhu1 4<;81 Hfrqrplf Lqvwlwxwlrqv ri Fdslwdolvp1 Qhz \run1 Iuhh Suhvv

DSSHQGL[

Surri ri Sursrvlwlrq 4=

Sureohp +614, lv zhoo gh�qhg dqg kdv d xqltxh vroxwlrq vlqfh x dqg y duh vwulfwo|

frqfdyh ixqfwlrqv rq d frpsdfw vhw1

Wkh �uvw rughu frqglwlrqv dvvrfldwhg zlwk sureohp +6=4, duh=

j| = x
� +j|> u| +v,, . � � y

� +j|> u| +v,, @ 3

ur
|
= x� +j|> u| +v,, . � � y

� +j|> u| +v,, @ 3

j� = x� +j� > u� +t,, . � � y
� +j� > u| +t,, @ 3

u^� = x� +j� > u� +t,, . � � y
� +j� > u� +t,, @ 3
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Uhduudqjlqj wkhvh htxdwlrqv jlyhv=

x
� +u| +v, . j| � u| +v,,

x
� +U_ +v, . j� � u� +t,,

@
y

� +J� j| . u| +v,,

y� +J� j� . u� +t,,

T1H1G1
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Surri ri Sursrvlwlrq 5=

Ghqrwh s| +v, @ J�j|.u| +v, = Ohw xv frqvlghu dq rswlpdo frqwudfwxdo duudqjhphqw

+j|> uW| +v,, = Zh nqrz iurp htxdwlrq +5=4, wkdw

j| �J� sW
|
+v, @ u

W

|
+v,

Wkh txhvwlrq lv/ zkdw uhvwulfwlrqv wr sxw rq j| vr wkdw wkh duudqjhphqw zloo vdwlvi| wkh

h{ dqwh dqg wkh h{ srvw vhoi0hqiruflqj frqvwudlqw1 Lq rwkhu zrugv/ krz kljk frxog j|

srvvleo| eh wr pdnh d p|rslf plqrulw| zloolqj wr surylgh ohjlwlpdf| wr wkh pdmrulw|B

Dvvxph j � s
W +v, .J1 Wklv lpsolhv wkdw sW +v,� s

W

|
+v, � u

W

|
+v,

Ohw xv vhw j
W

|
@ j= L nqrz wkdw sduw| P *v h{ srvw vhoi0hqiruflqj frqvwudlqw lv=

y +J� j| . u
W

|
+v,,� y +J� j|, . �Y +�> k|3�> v, � 3 ;v > w> k|3�

Zkhq sduwlhv duh wrwdoo| p|rslf/ wkdw lv iru � @ 3> wklv frqvwudlqw lv wulyldoo|

vdwlv�hg vlqfh uW
|
+v, � 3 iru doo v1 Iru � 5 +3> 4` > wkh frqvwudlqw lv vdwlv�hg dv orqj dv

Y +�> k|3�> v, � 3=

Ohw xv qrz fkhfn zkhwkhu wkh h{ dqwh frqvwudlqw duh vdwlv�hg1 Vlqfh wkh rswlpdo

ohyho ri srzhu lv vwdwlrqdu|/ wkh h{shfwhg shu0shulrg vxusoxv/ Hy+sW +v,,�Hy +v, > lv

frqvwdqw dfurvv shulrgv1 Wkhq zh kdyh

Y +�>k|3�, @ H
"[

�'|

��3| iy +j|> u| +v,,� y +v,j @
� ^Hy+sW +v,,�Hy +v,`

4� �

lv frqvwdqw dqg srvlwlyh1 Iru wkh vdph uhdvrq/ Y +�>k|3�> v, lv srvlwlyh1 Wklv phdqv

wkdw ij|> u
W

|
+v,j vdwlvi| erwk wkh h{ dqwh dqg wkh h{ srvw vhoi0hqiruflqj frqvwudlqw1 Dv

d uhvxow lw vroyhv wkh pdmrulw| frpplwphqw sureohp1

Qrz dvvxph j ? sW +v, . j dqg j| @ j= Djdlq dv orqj dv zh frqvlghu dq rswlpdo

frqwudfw ij|> u
W

|
+v,j > wkh rswlpdo uhvlgxdo srzhu lv frqvwdqw +ehfrphv ij> uW +v,j, dqg

dv uhvxow wkh h{ dqwh frqvwudlqw lv vdwlv�hg1 Iru wkh h{ srvw frqvwudlqw wr eh vdwlv�hg/

lw kdv wr eh fdvh wkdw

y +sW +v,,� y +J� j, .
� ^Hy+sW +v,,�Hy +v,`

4� �
� 3
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Vroylqj iru �> zh kdyh

� �
y +J� j,� y +sW +v,,

y +J� j,� y +sW +v,, . ^Hy+sW +v,,�Hy +v,`
iru doo v

Wkh fulwlfdo ydoxh ri wkh glvfrxqw udwh deryh zklfk doo ri wkh h{ srvw frqvwudlqwv

duh vdwlv�hg lv jlyhq e|=

�
�
@

y +J� j,� y +sW +v,,

y +�sW +v,� j,� y +sW +v,, . ^Hy+sW +v,,�Hy +v,`

Vr iru doo ydoxhv ri wkh glvfrxqw udwh deryh �
�
> rswlpdo frqwudfw zloo eh hqirufhg1

Iru ydoxhv ri � ehorz �
�
> wkh rswlpdo frqwudfw fdqqrw eh hqirufhg1

Surri ri Sursrvlwlrq 6

Wr eh frpsohwhg1 Iroorzv iurp Fruroodu| 4 lq Jdxwklhu hw do +4<<7/ 4<<:, dqg

Sursrvlwlrq 51

Surri ri Sursrvlwlrq 7=

Ohw xv frqvlghu dq rswlpdo frqwudfw ij|> u
W

|
+v,j = Dv lq sursrvlwlrq 5/ zh orrn iru

uhvwulfwlrqv rq wklv frqwudfw dqg rq wkh glvfrxqw idfwru vxfk wkdw wkh vhoi0hqiruflqj

frqvwudlqwv zloo eh vdwlv�hg iru erwk djhqwv1

Iluvw/ zh nqrz wkdw/ Y +��> k|, @ 3= Iurp wklv uhvxow/ zh fdq fodlp wkdw �� zloo eh

vhoi0hqiruflqj dv orqj dv uW
|
+v, � 3 iru doo v dqg w= Ohw xv wkhq �qg d ydoxh ri j| vxfk

wkdw uW
|
+v, � 3= Frqvlghu j| @ s

W +3,�U +3, Iurp wkh ihdvlelolw| frqvwudlqw zh kdyh/

u
W

|
+v, @ U +v,�U +3, . sW +3,� sW +v, � 3

Vr wkh frqwudfw lv vhoi0hqiruflqj iru sduw| P 1

Qrz/ zh kdyh wr fkhfn zkhwkhu wkh h{ srvw frqvwudlqw lv vdwlv�hg iru p= Iru wklv

wr eh wuxh lw pxvw eh wkh fdvh wkdw

x +sW +3,,� y +U +v, . u| +3,, .
� ^Hy+sW +v,,�Hx +v,`

4� �
� 3

Wkdw lv/

x +sW +v,,� x +U +v,� u +3, . sW +3,, .
� ^Hy+sW +v,,�Hx +v,`

4� �
� 3
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Frqvhtxhqwo|/ xvlqj wkh vdph dujxphqw dv lq sursrvlwlrq 5/ zh fodlp wkdw wkh

fulwlfdo ohyho ri glvfrxqw idfwru lv

�
2
@

x +U +v,�U +3, . sW +3,,� x +sW +v,,

x +U +v,�U +3, . sW +3,,� y +sW +v,, . ^Hx+sW +v,,�Hx +v,`

Vr iru dq| ydoxh ri wkh glvfrxqw idfwru deryh wklv wkuhvkrog/ wkh rswlpdo frqwudfw

zloo eh vhoi0hqiruflqj iru sduw| p= Wklv vkrzv xqghu wkh ghvfulehg uhvwulfwlrqv wkh

frqwudfw lv vhoi0hqiruflqj1

Surri ri Sursrvlwlrq 8

Wr eh frpsohwhg1 Wkh surri ri sursrvlwlrq 8 iroorzv txlwh forvho| Ohppd 4 dqg

Sursrvlwlrq 9 Jdxwklhu hw do +4<<:,1

5;


